In this paper, we will study the boundedness of a large class of sublinear operators with rough kernel T on the generalized local Morrey spaces LM 
Introduction
For x ∈ R n and r > , let B(x, r) denote the open ball centered at x of radius r, B(x, r) denote its complement and |B(x, r)| is the Lebesgue measure of the ball B(x, r). Suppose that S n- is the unit sphere in R n (n ≥ ) equipped with the normalized Lebesgue measure dσ .
Let ∈ L s (S n- ) with  < s ≤ ∞ be homogeneous of degree zero. Suppose that T represents a linear or a sublinear operator, which satisfies, for any f ∈ L  (R n ) with compact support and x / ∈ supp f , T f (x) ≤ c  For a function b, suppose that the commutator operator T ,b represents a linear or a sublinear operator, which satisfies, for any f ∈ L  (R n ) with compact support and x / ∈ supp f ,
where c  is independent of f and x. We point out that the condition (.) in the case ≡  was first introduced by Soria and Weiss in [] . The condition (.) is satisfied by many interesting operators in harmonic analysis, such as the Calderón-Zygmund operators, Carleson maximal operators, HardyLittlewood maximal operators, C Fefferman singular multipliers, R Fefferman singular integrals, Ricci-Stein oscillatory singular integrals, the Bochner-Riesz means, and so on (see [, ] for details).
Let ∈ L s (S n- ) with  < s ≤ ∞ be homogeneous of degree zero and satisfy the cancelation condition It is obvious that when ≡ , T is the singular integral operator T .
Theorem A ([]) Suppose that  ≤ p < ∞, ∈ L s (S n- ), s > , is homogeneous of degree zero and has mean value zero on S n- . If s ≤ p, p =  or p < s, then the operator T is bounded on L p (R n ). Also the operator T is bounded from L  (R
Let b be a locally integrable function on R n , then we shall define the commutators generated by singular integral operators with rough kernels and b as follows: 
By A B we mean that A ≤ CB with some positive constant C independent of appropriate quantities. If A B and B A, we write A ≈ B and say that A and B are equivalent.
Generalized local Morrey spaces
We find it convenient to define the generalized Morrey spaces in the form as follows.
The 
According to this definition, we recover the Morrey space M p,λ and weak Morrey space
Recall that in  the doctoral thesis [] by Guliyev (see also [-]) introduced the local Morrey-type space LM pθ,w given by
where w is a positive measurable function defined on (, ∞). 
Also by WLM p,ϕ ≡ WLM p,ϕ (R n ) we denote the weak generalized Morrey space of all func- 
For any fixed x  ∈ R n we denote by LM
Also by WLM
we denote the weak generalized local Morrey space of
According to this definition, we recover the local Morrey space LM
Wiener [, ] looked for a way to describe the behavior of a function at the infinity. The conditions he considered are related to appropriate weighted L q spaces. Beurling [] extended this idea and defined a pair of dual Banach spaces A q and B q , where /q + /q = . To be precise, A q is a Banach algebra with respect to the convolution, expressed as a union of certain weighted L q spaces; the space B q is expressed as the intersection of the corresponding weighted L q spaces. Feichtinger [] observed that the space B q can be described by
where χ  is the characteristic function of the unit ball {x ∈ R n : |x| ≤ }, χ k is the characteristic function of the annulus {x ∈ R n :
. By duality, the space
A q (R n ), called the Beurling algebra now, can be described by
where is the set of all functions equivalent to 
Alvarez et al. [] , in order to study the relationship between central BMO spaces and Morrey spaces, introduced λ-central bounded mean oscillation spaces and central Morrey
. Also define the weak central Morrey spaces
Inspired by this, we consider the boundedness of singular integral operator with rough kernel on generalized local Morrey spaces and give the central bounded mean oscillation estimates for their commutators. In this section we are going to use the following statement on the boundedness of the weighted Hardy operator:
where w is a fixed function non-negative and measurable on (, ∞). Moreover, the value C = B is the best constant for (.). 
where C does not depend on r. Then the operator T is bounded from LM
where C does not depend on r. Then the operator T is bounded from LM 
If p >  and p < s, then the inequality
T f L p (B(x  ,r)) r n p -n s ∞ r f L p (B(x  ,t)) t n s -n p - dt holds for any ball B(x  , r) and for all f ∈ L loc p (R n ).
Moreover, for s >  the inequality
T f WL  (B(x  ,r)) r n ∞ r t -n- f L  (B(x  ,t)) dt (.)
holds for any ball B(x  , r) and for all f
Proof Let  < p < ∞ and s ≤ p. Set B = B(x  , r) for the ball centered at x  and of radius r. We represent f as
and have
where constant C >  is independent of f . Note that
where c  = (nv n ) -/s and v n = |B(, )|.
It is clear that x ∈ B, y ∈ (B) implies
By the Fubini theorem we have
Applying the Hölder inequality, we get
On the other hand,
When  < p < s, by the Fubini theorem, the Minkowski inequality and (.), we get
Let p =  < s ≤ ∞. From the weak (, ) boundedness of T and (.) it follows that
Then from (.) and (.) we get the inequality (.).
and for  < p < s the pair (ϕ  , ϕ  ) satisfy the condition
where C does not depend on r.
Then the operator T is bounded from LM
{x  } p,ϕ  to LM {x  } p,ϕ  . Moreover, T f LM {x  } p,ϕ  f LM {x  } p,ϕ  .
Also the operator T is bounded from LM
Proof Let  < p < ∞ and s ≤ p. By Lemma . and Theorem . with
, and w(r) = r
, and w(r) = r 
Let also, for s ≤ p, p = , the pair (ϕ  , ϕ  ) satisfy the condition
and, for  < p < s, the pair (ϕ  , ϕ  ) satisfy the condition
where C does not depend on x and r.
Then the operator T is bounded from M p,ϕ
Also the operator T is bounded from M ,ϕ  to WM ,ϕ  and
). Then the operator T is bounded from LM
Then we can give the following corollary. 
for any suitable function f . Let T be a Calderón-Zygmund singular integral operator. A well-known result of Coifman et al. [] states that the commutator The definition of a local Campanato space is as follows.
In [], Lu and Yang introduced the central BMO space
garded as a local version of BMO(R n ), the space of bounded mean oscillation, at the origin.
But they have quite different properties. The classical John-Nirenberg inequality shows that functions in BMO(R n ) are locally exponentially integrable. This implies that, for any  ≤ q < ∞, the functions in BMO(R n ) can be described by means of the condition:
where B denotes an arbitrary ball in R n . However, the space CBMO We will use the following statement on the boundedness of the weighted Hardy operator: 
